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RECOVERING 5'CinVARIANT METRICS ON FROM THE 
EQUIVARIANT SPECTRUM 

EMILY B. DRYDEN, DIANA MACEDO, AND ROSA SENA-DIAS 


Abstract. We prove an inverse spectral result for S’'^-invariant metrics on 
based on the so-called asymptotic equivariant spectrum. This is roughly 
the spectrum together with large weights of the action on the eigenspaces. 
Our result generalizes an inverse spectral result from IDGS3I concerning S^- 
invariant metrics on which are invariant under the antipodal map. We use 
higher order terms in the asymptotic expansion of a natural spectral measure 
associated with the Laplacian and the 5^ action. 


1. Introduction 

Does the spectrum of the Laplacian on a compact Riemannian manifold deter¬ 
mine the Riemannian manifold? The answer is known to be no. John Milnor 
[M] constructed the first such example, producing two metrics on flat tori of di¬ 
mension 16 which have the same spectrum, but are not globally isometric. There 
are now a plethora of examples of non-isometric isospectral manifolds, constructed 
using sophisticated methods and tools. On the other hand, there are also many 
spectral invariants, quantities associated with the Riemannian manifold that are 
determined by the spectrum. Dimension and volume are perhaps the most famous 
of these spectral invariants, but many more are known. Given these extremes of 
examples and spectral invariants, it is natural to ask if there is a special class of Rie¬ 
mannian manifolds for which the spectrum determines the Riemannian structure. 
In this spirit, Miguel Abreu formulated the following question. 

Question 1.1. Let X be a toric manifold endowed with a toric Kdhler structure. 
Does the spectrum of the Laplacian on the resulting Riemannian manifold determine 
the underlying manifold? 

Toric manifolds are rather manageable objects. They are classified by convex 
polytopes of so-called Delzant type and the question above can be reformulated 
in terms of recovering the Delzant polytope of a toric manifold from the spectrum 
of a toric Kahler metric on it. (See [DGSlj for some basic background on toric 
manifolds and Delzant polytopes; see [G] for a more complete account of the Kahler 
geometry of toric manifolds.) In the setting of toric orbifolds, a partial answer to 
Question II.II using the asymptotic equivariant spectrum is known; the asymptotic 
equivariant spectrum adds information about the large weights of the T" action on 
the eigenspaces to the usual spectrum. 
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Theorem 1.2. [DGS.l] The asymptotic equivariant spectrum of a generic toric 
orbifold endowed with a toric Kdhler metric determines the torie orbifold up to 
equivariant biholomorphism. 


Since the asymptotic equivariant spectrum contains more information than the 
spectrum, and toric orbifolds are more “flexible” than toric manifolds, the above 
theorem does not answer Abreu’s question. However, it is also possible to obtain 
spectral rigidity for the metric^ at least in a simple case. Note that a toric Kahler 
metric can be entirely described in terms of a function g known as its symplectic 
potential. We will consider suitably normalized so that its symplectic potential 
is a function g defined on (—1,1). Given the symplectic potential g, the metric can 
be written as 


gdx G dx + 


d9 0 d0 
9 


( 1 ) 


Theorem 1.3. |DGS3) The asymptotic equivariant spectrum of an -invariant 
metric on with symplectic potential g determines the metric if g is even and 
convex. 


Our goal is to extend Theorem 11.31 to more general 5'^-invariant metrics on S^. 
In particular, we will consider metrics for which 5 is a single well. A single well 
on (— 1 , 1 ) will mean a function v : (— 1 , 1 ) —^ K which is decreasing on (— 1 , 0 ) 
and increasing on (0,1). The unique minimum at 0 is the well. We will prove the 
following theorem. 

Theorem 1.4. The asymptotic equivariant spectrum of an -invariant metric on 
with symplectic potential g determines the metric if g is a single well. 

In other words, we show that the asymptotic equivariant spectrum determines 
an 5'^-invariant metric on within the class of metrics for which 5 is a single well. 
It would be interesting to know if the asymptotic equivariant spectrum determines 
if an S'^-invariant metric on has such a symplectic potential. 

Although this result concerns only 5^, results on spectral rigidity for metrics are 
known to be difficult to obtain. One of the reasons we are able to prove such a 
result in this setting is the parametrization of S'^-invariant metrics on via the 
symplectic potential. This framework was also used by Miguel Abreu and Pedro 
Freitas m to investigate upper bounds for the invariant eigenvalues of the Laplace 
operator defined by these S'^-invariant metrics on S'^. 

Related inverse spectral results for S'^-invariant metrics on were obtained by 
Jochen Briining and Ernst Heintze [BHj and by Steve Zelditch [^. Zelditch’s result 
concerns S'^-invariant metrics on that can be obtained as metrics on surfaces of 
revolution in with the euclidean metric. We refer to such metrics as metrics of 
revolution. The main theorem in [Z] says that generic, “simple,” analytic metrics of 
revolution are determined by their spectrum. Not all S'^-invariant metrics on are 
metrics of revolution on (see [KW| for obstructions and [AFl §4] for discussion), 
but for an S'^-invariant metric on S^ that is a metric of revolution the “simple” 
condition is implied by our single well condition. To be more precise, a surface 
of revolution in can be obtained by rotating a curve {0,p{t),q{t))) around the 
z-axis where we assume that t is the arc-length parameter. The metric of revolution 
described above is given by dt^ -\-p{t)^d9^, where 6 is the angle of revolution. By 
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comparing with m we see that 
t{x) = 

Therefore local minima of g (at x) correspond to local maxima of p (at t(x)). 
The “simple” condition corresponds to p having a single local maximum and the 
claim follows. The main theorem in [Z] is proved using wave trace techniques. 
Briining and Heintze considered metrics of revolution that are also symmetric with 
respect to reflection in the xy-plane. They showed that mirror symmetric surfaces 
of revolution are determined by their spectra, or equivalently, by their 5'^-invariant 
spectra. 

The techniques we use to prove Theorem 11.41 are inspired by the techniques of 
Victor Guillemin and Zuoqin Wang in |GW) . Namely, we give an explicit inductive 
formula giving higher order semi-classical spectral invariants for toric manifolds 
based on the asymptotic expansion of a spectral measure associated to the toric 
metric. This spectral measure was introduced in [DGS3) but there only the highest 
term in its asymptotic expansion was derived and used. The formula for higher 
order invariants turns out to be surprisingly explicit in the context of toric manifolds 
and is interesting in its own right. In the case of 5^ it becomes even simpler and 
we are able to derive some new spectral invariants which we use to prove Theorem 

o 

One can’t help but wonder if semi-classical spectral invariants of even higher 
order on would help recover symplectic potentials with a finite number of wells 
from the asymptotic equivariant spectrum. It would also be interesting to study 
these invariants in higher dimensional toric manifolds. 

The paper is organized as follows: in ^ we derive a general formula for the 
asymptotic expansion of a spectral measure associated to the Laplacian of a toric 
Kahler metric on a toric manifold. The formula simplifies in the case of 5^ and we 
give two non-trivial terms in the asymptotic expansion. The first term was given 
and used in |DGS3) . Section |3] is devoted to the proof of Theorem lI.4l We use both 
spectral invariants derived in lj2l 
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2. Asymptotic expansion of the spectral measure 


Let be a toric manifold with moment polytope P. Suppose X is endowed 
with a toric Kahler metric defined by a symplectic potential g : Int(P) —>■ R, i.e., a 
metric of the form 


ds^ = gdx 0 dx 


dO 0 dO 
9 


(see m for the definition of symplectic potential and the associated metric). The 
torus T” acts on X by isometries, and we let ^ : T" —Iso(A, ds^) denote the 
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action. The metric on X has a Laplace operator associated to it. We are inter¬ 
ested in the question: Does the spectrum of this Laplacian determine the metric, 
or equivalently, the symplectic potential gl In fact, the torus action induces a rep¬ 
resentation on each eigenspace that splits according to weights in the Lie algebra 
of the torus, suitably identified with M". We will sometimes write ip for the map 
from ]R"'/(27rZ)” to Iso(X, ds^) where we identify T" with ]R”/(27rZ)"' via the ex¬ 
ponential map. The equivariant spectrum of {X, ds'^) is the set of eigenvalues of the 
Laplacian and, for each eigenvalue, the list of weights of the torus representation 
on the corresponding eigenspace. The eigenvalues and weights are counted with 
multiplicities. We say that a toric Kahler metric or any quantity associated with it 
is espectrally determined if it is determined by its equivariant spectrum (see [DGSl] 
for more details about the equivariant spectrum). 

Definition 2.1. Let K > 0. The K-equivariant spectrum of a toric Kahler mani¬ 
fold is the set of eigenvalues of its metric Laplacian and, for each eigenvalue, the list 
of weights of the torus representation on the corresponding eigenspace whose norms 
are larger than K. The eigenvalues and weights are counted with multiplicities. 

We will say that a toric Kahler metric or any quantity associated with it is 
aespectrally determined if there exists a iL > 0, possibly very large, for which it is 
determined by the iL-equivariant spectrum. 

Let a be a generic element in R", where “generic” means that a is a regular 
value of the moment map $ : T*X —>■ R" arising from the lift of to a Hamiltonian 
action on T*X. Moreover, let h G R+ be such that -I G Z. We wish to define a 
spectral measure that “counts” ^-equivariant eigenfunctions in a certain sense. Let 
p G C((“(R) and consider the spectral measure defined by 

TfiP)=f tr(?/f:(6»),p(fi2A))d6». (2) 

Jt^ 

Note that since I; G Z, e~^^ is well defined. Also, recall that given any pseudo¬ 
differential semi-classical operator Vn on a manifold X and a diffeomorphism K of 
X, is defined using the Schwartz kernel K. of Vn via the formula 

tr(F,P?i) = / ]C{F{x),x)dx, 

Jx 

when such an integral converges. It turns out that may also be written as 

where Ea^n is the set of eigenvalues of admitting an equivariant eigenfunction 
of weight j and n(A, a) is the dimension of the subspace of ^-equivariant functions 
of the A-eigenspace of Ii^A; this formulation of /i“ shows why we may interpret our 
spectral measure as “counting” equivariant eigenfunctions of weight ^. See [DGS31 
§4] for more details. 

As shown in |DGS3) . the measure has an asymptotic expansion in powers of 
h as h tends to zero, and the terms in that expansion are aespectrally determined; 
the first term in the expansion is calculated explicitly. We will give an algorithm 
to calculate terms in the expansion for toric manifolds. Our work is very much 
in the spirit of [GWj . in which the authors describe an analogous algorithm for 
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semi-classical operators in R". Because toric manifolds admit an open dense set 
with global coordinates, we will use essentially the same techniques as in [GWj . 

In particular, we will use this algorithm to calculate the second nontrivial term 
in the asymptotic expansion for with an 5'^-invariant metric. The first term of 
the expansion was used in [DGS3] to show that, for 5'^-invariant metrics on S^, 
when the symplectic potential is convex and even it is aespectrally determined. 
Using the first and second terms, we are able to extend the result to single well 
symplectic potentials. This is analogous to the situation in |GW] . in which the 
authors extended a result of Yves Colin de Verdiere |CdV) on Schrodinger operators 
to more general potentials. 

We begin with the asymptotic expansion of /i^. 


Theorem 2.2. Let be a toric manifold with a T” action ip. Let X be endowed 
with a toric Kdhler metric whose symplectic potential is g. Let a G K” be generic. 
Then the measure defined in @ has an asymptotic expansion in powers of h 
given by 

f bf.fiuju) -jA (m* Hess~^(g){l -|- a* Hess(ff)Q;) dudu; 

k>o 


the functions b^^ are given by b‘^{u,u,t) = where bf^UjUfi) are 

given recursively by 6g(u,M, t) = 1 and 


1 dbf 
\/^ dt 


2t 


* j=i 


5 9 Hess {g) 
dui 


, 9Hess(g) 
dui 


1 dbl 




\/^ dt 

l,J = l 


d 

dui 


V^t i 


a Hess- 


-Y 


bj=i 


d 

dui 


y/^Xt ( uf 


dui 

/ t9Hess"^(g) 




dui 


dui 






dui 


dui 




f^^d}^ess fig)., tdRess{g) 

U -- U + a -- a 


dUi 


duj 


''fe -2 5 


for all k > 1, and b‘^(u,u,0) = 0 for k>l. Here gij denote the entries o/Hess(g) 
and g^^ denote the entries of its inverse Hess~^(( 7 ). 


The proof of this theorem is very similar to the proof of Theorem 5.1 in |DGS3) . 
Since we are treating the case of the Laplace operator for a toric Kahler metric, 
rather than the more general case of a Riemannian metric on a manifold that admits 
an isometric action of some torus as in [DGS3] . we have global coordinates on an 
open dense set and some simplifications occur. For the convenience of the reader 
we will essentially give a complete proof. We need two main ingredients for this 
proof. 


Lemma 2.3 (Schwartz kernel asymptotic expansion). With the setup and notation 
given above, pltfi'A) is a semi-classical operator on X with Schwartz kernel Kp f^. 
In local coordinates Kp ji admits an asymptotic expansion in powers of h: 

Yp,fi(x,y) = ^ f 6/c,i(y,C)—^(|?|g(x))e"^^^-^dC, 

k>0 '''' '' ^ 
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ig(x) denotes the norm on the cotangent space over x given by the metric 
associated to g and where bkj are given as follows. Let bk be defined recursively by 
6o(x, t) = 1, bk(x, 0) = 0 for k > 1, and 


1 dbk 
\/^ dt 


E 




( 3 ) 


a=(oi,...,a2„)e(Z+)^" i+|a|=fe 
|a|>l 


where 


D1 = 


1 ^ 1 
, ,-, I r TT— and Qa = —: 



ax 


Then bk{y,f,t) = J2i<2k bk,i{y,Ot^- 

See |GW] or [GSl Ghap. 10] for more details and a proof of this expansion. The 
other ingredient is a special case of the lemma of stationary phase. 


Lemma 2.4 (Lemma of stationary quadratic phase). Let A be an nxn nonsingular 

^0 


self-adjoint matrix, h € M’*', and f € There is a complete asymptotic 


expansion 


f{x)e'^ ^ dx ^ (27r/i) 2 I det ^1 


exp 




b{D) / (0) 


where sgnyl is the signature of A and b{D) = — ^ with B = A ^. 

We are now in a position to prove Theorem 12.21 

Proof. Let x = {u,v) be action-angle coordinates for X, i.e., u G P is the moment 
map image of x and v G R"'/(27rZ)"' = T". Let f = {u,v) be fiber coordinates on 
T*^ We can write (p) in terms of its Schwartz kernel as 


Pf (P) = / e- 

Jjri 


/Jn 


tr(i/)(d)*p(/i^A))d0 

Kpfi{4i(9)(u, v), {u, i;))dudwd0 


/PxT" 


/PxT" 


Kpfi{{u, V + 9), {u, 'y))dudwd0. 


By the Schwartz kernel asymptotic expansion, this expression is (27rS) times 

1 




'T"xPxT"xR2" 


bk,i{u,v,u,v) 


da'- 


d'O n e 

(1^1 ^)e dftdndudpd^ 


fc>0 l<2k' 

where bk,i are given by Lemma 12.31 Because the metric is torus invariant, the 
Laplace operator is as well and this implies that the bk,i do not depend on v. By 
changing variables so that f = {u,v + a), our expression becomes (27r/i)“^" times 

, ——(icn 




fc >0 


l<2k 


/T^xPxT’^xE 


bk,i{u,u,v a)- 


"dudhdudpd^. 


For each {u, u, v), we are going to apply Lemma l2.4l to the above integral in {v, 9) 
exactly as in [DGS31 Thm. 5.1]. We can take the matrix A in Lemma [2.41 to be 

To I 


the 2n x 2n matrix given hy A = 


I 0 


. We have ] detAj 2 = 1 , sgn^l = 0, and 
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B = 


0 I 
I 0 


. Although 6 takes values in T” and not in K." as in Lemma [2.41 the 


above integral will concentrate on the set where 9 and v are zero so that the 0’s 
outside a square will not contribute mod Since the functions b^ i^u, u, v + a) 

do not depend on 9, we see that applying b{D) to them gives 0. Thus we see that 
H^{p) is given mod 0{h°°) by 


p^{p) = {2nh)-Y.h^Y. [ 

w — n 1 ^ J P 


fe>0 i<2fc 


bk,iiu,u, a) 


d‘p 


iV^y da'- 


j)d?},dMdn 


where is taken at points where ^ has coordinates (u,a). Since bk,i does not 
depend on v and we may take the volume of T” = K"/(27rZ)" to be (27r)", we write 
this as 

1 d'p 


fc>0 l<2k' 


PxR^ 


bk,i{u,u, a)j^j^^^(\^\l)dudu. 


At a point (u, v) the norm of the cotangent vector ^ = (u, v) is 
l^lg = l(■w^■^)lg =M‘Hess"^(5)'u + i)‘Hess(g)z), 
and therefore when restricted to the set where v = a this gives 

= u* Hess“^( 5 )u + a* Hess(( 7 )a. 


( 4 ) 


Set b°‘{u,u) = b.(u,u,a). Because the functions bk{u,u,a) do not depend on v 
or V, the formula for bk{u,u,a) gives 

1 dbl 

_ — X X / )^ / 111 U ) 

a=(ai, 


\/^ dt 


E E 

..,a„)G(Z+)” i+\a\=k 
|a|>l 


( 5 ) 


where 


Qa — iIq Tv 4^ a 
a! \ ou au 


and b^iu, u, t) = J2i<2k From formula (|4]) for |^|g we see that -D^dClg) = 

Hess”^(g)u) is zero whenever |a| > 2 and 

■ if a has a 1 in position i and 0 elsewhere; 
—2g'^^, if a has a 1 in positions i and j and 0 elsewhere. 

Note also that if a has a 1 in position i and 0 elsewhere then 


f y"” a'- 


d 


Qa — ( 77-f V—U ( 


/., 9 Hess 


-1 


^u^ 




u 


dut 


(ff). , t9iiess{g) 
—u + a -- a 


dui 


and if a has a 1 in positions i and j and 0 elsewhere then 

^ 1/9 ,—- /..,9Hess”^(5)^9Hess(5) 

2\dui \ dui dui )) 


9 




(9 Hess 


-1 


{g) ^ , t9Hess(5) 
—u + a -- a 


duj duj 


Substituting these expressions into ([5]) gives the expansion in Theorem 12.2 
We now make Theorem 12.21 precise in the case of 


□ 
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Theorem 2.5. Let be equipped with action-angle coordinates (x,0), normal¬ 
ized so that X € (—1,1). Consider an S^-invariant metric on S'^ given in these 
coordinates by 

, , dO ® dO 

gdx ® dx -\ -. 

9 

Let a ^ 0 be a real number. Then, for any compactly supported smooth function p 


and 


/ : 


r 

^2 r 


J[-l,l]xR 

(2) 2{v'y 


p(r)da;d,f 


( 6 ) 




V 

3{vr 




V 


( 2 ) 


{v7 


[-l,l]xR 




(T)da;d^ 

^(2) (^')2 


p^^^(T)dxd^ 


- \ +a^ ) p^^^(T)dxd^ 


eiv'r f ( 


2 J[-l,l]xR 


— ^+0^1 p^"‘^(r)da;d^ 


(7) 


^2 

are aespectrally determined, where v = g and t = ^ + a^v. 

In |DGS3) . the expression in ([6]) is shown to be aespectrally determined. Note 
that the metric defined by i; = i) is smooth at the poles if and only if r; — is 
smooth on [—1,1]. 

Proof. We will show that the above quantities are the first two nonzero coefficients 
in the asymptotic expansion of p^{p). The result will follow from the fact that 
the asymptotic expansion of /i^ is aespectrally determined. By Theorem 12.21 the 
spectral measure can be expanded in powers of H as 

with the functions b'^i defined as in the theorem. Since &Q(a;,^,<) = 1 we see that 
the leading order term above is simply 

e2' 


'[- 1 . 1 ] 

In our current setting, we note that 


h ^ [ p ^ dxd^. 

./[-l.ljxR \ / 


,9 Hess ^{g) 


dui 


u -\- a‘ 


9 Hess (p) 
dui 


-a = V \ a — 


( 8 ) 


Thus 


so that 


dbf 


V 






ra ^ _ f, ra _ _ ^ ^ ( 

Ko-Ki-o, 


2 

a - 
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We see that the 0th order term in the expansion of is zero because 

f v'u 2 e\<pp(e 


a^- 


da'^ 


+ a^v I = 0 for all x S (— 1 , 1 ). 


Next we calculate 62 - It follows from Theorem [3] and ([ 8 |) that 


This gives 


1 dm 


2 ^ 


dt \dx 

--(^ + V^tv' (a^-^ 


4- + V^tv' (a^-4 


V \dx 


^ 1 


b? 




f ^ 

3 y V 


2 e 

a -:: 


2^2 

V 


a^- 


t2\ 2 


Therefore the coefficient of h in the expansion of /xh is 


[-l,l]x 

jvT 

3v 

3v 

{vre 

2v^ 


1 




,( 2 ) 


a^- 


2{i 


«2,(2)^0ri! 


+ a^v 


2 d^P f( , 2 


fM- 


V 

7,(2) 


3(u 


.^2 


,( 2 ) 


(vT 


a^- 


eVd^pfe 




dxd^ 


d^P f 

da^ \ V 


+ a^v 


and the result follows. 


□ 


3. Inverse spectral results for 5'^-invariant metrics on S'^ 

In this section we prove Theorem II.41 In |DGS31 Thm. 6.15], the first invariant 
in Theorem l2.5l was used to show that when v is even and convex, the corresponding 
S'^-invariant metric on is determined by the asymptotic equivariant spectrum. 
Colin de Verdiere [CdV] has shown that the spectrum of a Schrodinger operator 
on with a single well potential essentially determines the potential. In [GW] 
Guillemin and Wang use higher order semi-classical spectral invariants to generalize 
this result to double wells. Our approach is analogous to the Guillemin-Wang 
generalization of Colin de Verdiere’s result. Using the new spectral invariant in 
Theorem 12.51 we generalize Theorem 6.15 in [DGS3j to show that when u is a 
single well, the asymptotic equivariant spectrum determines v and hence the metric. 
Functions that are even and convex are clearly very special cases of single wells. 

Suppose now that u is a single well, i.e., suppose it has a unique nondegenerate 
minimum at cc = 0 , and that v is increasing for x positive and decreasing for x 
negative. Let c ^ 0 he the minimum value of v at the point x = 0. Let a 7 ^ 0 be a 
fixed real number. We will show how to use invariants ([ 6 ]) and 0 to recover the 
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function v(x) on the interval \x\ < 1. Note that these invariants involve integrals 
of the function p{t) = p + a'^v{x)^ and its derivatives. To evaluate such an 


integral using Fubini’s theorem over the region 


{{x,^) : X € [-1,1], 


j{x) 


+ a^v{x) < A}, 


one needs to break up the integral into several integrals corresponding to regions 
where the condition + a'^v{x) = A defines ^ as a function of x. The single well 
condition ensures that we only need to consider two regions; this is the only way 
in which we use this condition. For 0 < A < 1, we denote by Ai the region in the 
first quadrant bounded by the curve + a^v{x) = A and by A 2 the region in the 
second quadrant bounded by the same curve. Thus A^ can be described as 


= {(x,^) : a: G [ 0 , 1 ], u(x) < —, 0 < ^ < \/Xv{x) - 


and A 2 can be described as 


A 


A 2 = {(x,^) : X G [—1,0], v{x) < 0 < ,^ < sjAv(x) — a^v(x)^}. 

Note that both sets can be empty for a given A. Since u is a single well with 
minimum at 0, the regions A^ and A 2 are, indeed, bounded. If we could choose p\ 
to be the characteristic function of [0, A], we would see from invariant ([6]) that the 
sum 


dxd^ 


dxd^ 


(9) 


would be aespectrally determined. However, such a p\ is not smooth, so to make 
this precise we must consider p\ as the limit of an appropriate sequence of functions 
that equal the characteristic function of [0, A] on larger and larger subsets of [0, A]. 
Let X = /i(s) be the inverse function of s = v(x), for x G (0,1). Then 


dxd^ = 




d^dx 


\/ Xv{x) — a^v{xYdx 

;dh 


\/\s — a^s^^ds. 

as 


( 10 ) 


Analogously, we define x = / 2 (s) to be the inverse function of s = v(—x), for 
X G (0,1). Then the same calculations give 


dxd^ = 


\/As — a^s^—^ds. 
as 


This implies in particular that c is aespectrally determined: if X/a^ < c, then 
integral (jH]) is zero, whereas it is non-zero if X/a^ > c. 

Now set S = s — c and (3=^ — 0 . Substituting the expressions in (nni and m 
into we see that the following quantity is aespectrally determined for all /3: 




(12) 
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The function in (fT2|l can be viewed as the Abel transform of another function, as we 
now explain. Recalling that the fractional integration operation of Abel is defined 
as 

= -pA [ (s- 

r(a) Jo 

for a > 0, we observe that m corresponds to 




(/ 3 )- 


S+c ) 


As the Abel transform of a function determines the function, we may recover the 
quantity VS' + c ( f ^ ^ 




and hence ^ ^ as a function of s. For 


more on the Abel transform and its invertibility see [GSI §10.6]. 

Next we integrate the first and last terms of invariant O- Integration by parts 
with respect to ^ gives 


/ - 


/[-l,l]xR 

L \ J J 


f IT 

[-l,l]xR ^ 


,(2) 


[-l.ljxll 


2^4 


,( 2 ) 


2(V)^ 

^3 

f\2 


2(V) 


/9^^^(T)dxd^ 

(T)da:d^, 


and 






1 


[-l,l]xll 


gv'Y 

2v 




f 

r 5 C(V )2 

3 ^ 2 q , 2(^')2 ^ q - 4 (. j ;')2 

/[-l,l]xR 

2 v^ 

- 1 

csi 

h 

CO 

1 


dxd^ 

p^^'^ (T)dxd^. 


= i 

Note that we do not pick up boundary terms because p is compactly supported. 
Combining these new expressions for the first and last terms of ([7]) with the middle 
terms of 0, we conclude that 


./[-l,l]xR 

3u V 


4 /.y(2) 


1 

2 \3v^ \ V 
3(V)2 




( 2 ) 


+ a^ 


.(2) 


(V) 


^ f e 

3u 

Wf 

2u4 


-5- + a 

V 




or 

~2 


p^^^(T)da;d^ 


2u \ 'iv"* 

is aespectrally determined for all a and all compactly supported p. 


( 13 ) 
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By taking the limit of an appropriate sequence of functions that equal p on larger 
and larger sets, we see that we can make /OA('r) = in (fT^ . It follows that 


'[-l.l]xR . 

3u V V V- 

w? f e 


1 

2 \3v^ 




+ a^ 


,( 2 ) 


K) 


3u 

(vr 

2v 


V 

2u4 




4\ 1 


A3e-A^ 




is aespectrally determined for all a and A; thus 


J[-l,l]xR 

_2eu 

3v V 


1 

2 \3v^ 

3{vr 


1)2 

,( 2 ) 


2(i;')^\ 2a2^,(2)^2 


(^0^ ( e 

3v \ 1)2 

{vr 

2v V 21)4 




2„,2 




,( 2 ) 


(i)') 


4\ 1 


Ar 


dxd^ 


is aespectrally determined for all a and A. We may approximate the characteristic 
function of [0, A] by a linear combination of functions of the form e~^'^ where A 
may be complex, implying that 


/AJ'+AJ 
2^2 
3v 

(V? 


e 


1 

2 \3v^ 

3{vr 


1)^2) 2(i)')^A 2q;2x;(2)^2 


,( 2 ) 


i! 

3i; V -7 i2 

iv'? 


2v 




3e2a2 


+ W 


a 

T 


,( 2 ) 


(l)')^ 


dxd^ 


(14) 


is aespectrally determined for all a and A. 
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We will treat the integral over Ai first. By integrating the part of expression 
m concerning the region Ai with respect to we obtain 


2^® f 

2 


■L 


15i;2 

■5 


/12 


\/ Xv—c 


5v V 


3i;2 

^3a2 /^(2) 


fA{^) 1 

1 2 

2 
3 

1 

3 _ 5v^ 3v^ 


dx 


3v \ V 


iv'? 


^ Xv — c 


dx 


eiv' f 2eaHv' f ^ {v')^a^C 


J 0 


da; 


2v^ 


After rearranging terms, we get 


+ 


2v 


da;. 


rA(^) 




9 18 15 v'^ 12 


V Xv—a‘^v‘^ 


dx, 


J 0 


or equivalently, 




(v')^ Aa^ Aa^ (w')^ 


9 z; 45 z; 
A^ 2a‘*z;*^^^ A^ {v')'^ 

15 


9 z;^ 


45 


12 z;3 


da;. 


(15) 


Recalling that x = fi{s) is the inverse function of s = v(x) for x G (0,1), we 
have 

-"(A(»)) = 


(/;(»))’■ 


Expression (1151) can now be rewritten as 


\/ A — 


d^fi 

ds^ 


9 45 \/i 9 s^i 


\ ds 


Aq^ 1 1 


dfi 


A2 1 


d^fl 

ds'^ 


\ ds 


2a^ ^ 


A^ 1 1 


45 42s2yi;^ 


7c V 9 yi 


\ ds 

4 1 Aa^ 1 1 


ds 


1 


/ Aa^ 1 A^ 1 2a4 _ 

+ I ^ - —— + 


V 45 \/s 15 s^s 45 


9 s^/s 12 s^a/s J ^ 

^ ^ ds 

ds. 


d\fi 

ds^ 

(^y 


( 16 ) 
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Next we make a change of variable, setting /^ = ^ — c and S = s — c, so that 
m can be rewritten as 


rp 

7 ^/^ 

Jo 


-S 


1 


(3 + c 


{f3 + cf 


1 

H 

dS 


9VFT7 9is + c)./sn 12(S' + c)2yF+i; 

f P + C _ (/3 + c) " ' "" ' ^ 


5+c 


_ 2y/JT^ 

V45\/5 + c 15(5' + c)\/ S + c 45 


d^fl 
'dS^ 


S+c 


d5. 


We repeat this calculation for A 2 and we conclude that the second order spectral 
invariant (HI is given by 




+ 


' + c 


(/3 + cf 


9 y / ST~C 9 {S + C ) y / ST~C l 2 {S + c )‘^ y / ST~C 


dfi ^ 

dS dS , 


S+c 


(^C 

V45V5 


iP + cf 


2y/S~- 


+ c 15(5 + c)-\/ S + c 


45 


d^h 

dS^ 


d^h 

dS^ 


Clj I CIO 

(df+Y (iV2\ 

\\dS J \dS J 


S+c 


d5. 


Using Abel’s fractional integration, we observe that the preceding expression cor¬ 
responds to 


(Jl 


-I- c 


J5 


P + C 


iP + cY 


9+5TH 9(5-kc)+5T^ 12(5 + 0)2^5+^ 


dS dS . 


S+c 


iP + c^ 


V45\/5 + c 15(5 + c)\/ 5 + c 


2+5+0 

45 




rf^f2 


(^Y ( 

\dS J \dS J 


S+C 


iP)- 


As a function is uniquely determined by its Abel transform, we recover the quantity 
1 , ,5 + 0 (/5 + c)2 \ / 1 1 


+ 


9+++ 9(5 + c)\/++ 12(5 + c)2+++y ^ 

, , __ ( 

(_P + c 


{P^cf 


2+5 + 0 


V 45 + 5 +C 15(5 + c)\JS + 0 


45 


+/i 

dS2 


+ .f2 
d5^ 


^ V / 


s+c 


s+c 


We rewrite this quantity as 


+.c(5) ( ;^ + ;^ ) + -S/3 .c(5) 

\ dS dS / 


where we set 


+ .c(^) = - 


p + C 


— I J- 

d5 i ^ ^ I ’ 

\ dS dS / 


iP + cy 


( 17 ) 


9 +++ 9(5 + c)+5TH 12(5 + c)2+++ 
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and 


Bp AS) = - 


A 


45v^ 


+ 


(/3 + cf 


2AWTc 


lAS + c)ASTc 45 
Our goal is to show that the function (ITTl) completely determines 


1 

dS 


1 

dS 


S+c 


as this will imply that Ar + At itself is determined. Since v has a minimum at 0, 

dS dS 

we have w'( 0 ) = 0 and the derivatives of /i and /2 tend to +oo as s tends to c, i.e., 
as S tends to 0. This implies that 



We want to show that the initial value ODE 

f A^AS)F{S) + B0AS)F'iS) = K{S), S G [0, P] 

\f(0) = 0 

has at most one solution, for any given function K. Let M and N be two solutions. 
Then M — N = f satisfies 


ApAS)f{S) + BpAS)f{S) =0, 5 G [0, P] 

/(O) = 0. 


We show that / vanishes identically. Explicit integration of this first-order linear 
equation gives 


AS) = Ce 


rS 

Jo 


for some constant C. One can check that 


ApAS) = - 


(S + c)^-{S + c)iP + c) + Al3 + c)^ 
9{s + c)^AFlA 


and 


so that 


BpAS) 


iP - S){2S + 3p + 5c) 

A5{S + c)As1A 


A 5{{S + c)^-{S + c)iP + c) + AP + c)A 

B {S + c){P - S){2S + 3P + 5c) 


which we can rewrite as 


A ^ qi 92 93 

B S + c^ P-S^ 2S + 3P + 5C 


for some constants 91 , 92 , 93 . Thus 

f A/^AA ^ ^ _ S) + )A log(2S' + 3P + 5c), 

Jo B^At) 2 

and hence 

/(S') = C{S + c)-«i {P - S)«=^ (2S -f 3^ -f 5c)-^. 

Because /(O) = 0, this forces (7 = 0 and therefore / is identically zero as claimed. 
We conclude that 

1 1 

dfi dB 
dS dS 
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is aespectrally determined. Recall that we used a straightforward Abel transform 
argument to show that 

dS dS 

is aespectrally determined. But if we know ^ ^ we know p + q, then 

we clearly know pq. This in turn implies that we know \p — q\, since {p — q)^ = 
{p-\-qY —^pq- Thus we knowp and q, up to order. Hence the functions ^ and ^ 
are aespectrally determined, and we recover the functions /i and /2 up to order, 
i.e., up to knowing which function is the inverse of v in which quadrant. Therefore 
the function v{x) on the interval \x\ < 1 is aespectrally determined up to reversing 
the x-coordinate on [—1,1]. Note that this reversal gives rise to an isometric metric 
on 5^, so that we have proved Theorem ll.41 
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